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Brief recap of ODEs and classic stability



ODEecof
Linear ODEof order n with constant calficients on R reads

relt h t he it D h It r a
on R

where h z a 1 hit th n z is the characteristicpolynomialof G

0 Solution anyfunction re R IR satisfying A

Solutionsets the setof all solutions

The solutionset of orgen ODE is a linear subspace of C R

of dimension n deg h Namely if he hasdistinct roots then the

solutionsetis Spain edit eat where X In are the reciprocalroots

Example h z 1Xz re XD o self a Cett I
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ALptoticsbilyouthuouue.nl

Consider Iec with h.ae a1ttT a

and bounded initial conditions del kho Ea for keen

DefO ODE a is BIBO stable resp

limsup alt resp 0

Ig 1i
Ii

ff fjj.TT

1T

fReld
It
asympt stable Rella

BIBO stable Rell O
distinct at boundary 12
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Lmptoticsfilyyouthuofme.nl
asympt stable BIBO stable

11 IX

Éithiinahi

Distinct roots alt Each
e

where ca's depend on da'slinearly via ta's through inverse Wronskianmatrio

Hence Kulco and RID 1cal
may
e'Rebut

Equal roots result in polynomial factors suppressedby ettwith Red co
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Resomanceisworst
casecasymptoticallyconsider

the
µ shifted halfplane

f
Lilian de Re d sucoit

Asymptotically complete resonancegives the worstcase

If we allow any du er the worst case is attainedwith equalroots t.hu
Indeed this givesthelargestpossibledegree of polynomialfactor n 1

But what arbitrary t

LDR as it turnsout indiscretetime complete resonance is worst case for any te 2
andwith thesame initiate In otherwords all amplitudes are maximized at

myWe conjecture this remains true in continuous time



Discrete time ordinary difference egs aka linear
recurrences



letim.difere.gg ey
from nowon discrete time

Spaceofcomplexsequences INand unitadvanceoperator A CN IN

A e t Rte A I is thediscrete derivative eperato

Linear recurrenceof order n
f A re D

where f t Z f z fn z g z cz zu is movie of degree n

Classie stabilitytheory has a fullanalogue and is as easy toprove
Asymp stable Izu C1
Scheerstable Izu 1 and distinct at boundary

Indeed withdistinctroots thegeneralsolution At aEyck2kt
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Asympboticbehaviorunderr.stabilityptt.in

i.FI

Cr stabledar.polynomial
izulsriis resultsin the asymptoticbehavior

limsup bag sett tlagr a 1 logt x

trex
where the last term is saturated when 1 2 41 p

So asymptotically ceresnace is again worstcase

Time to formulate our problem
x ̅



Amplitualemaximizationproblem

Let.Z CC be a candidate dowod.fr uar zi.neZn
Pu Zn be the set of moviepoly one

If be thekeoffcAIEY.TTghff
UncC be a candidate domainforthe initializationwor

O Functionals Mt f 1Un sup4 rel see f Ro n s E Un

Mi Zn Un sup Mt f Un
fePu Zn

We are interested in MI Zn Un for a naturalclassofdomain

Polydisc Dn re rn Dm Dern

where D r zed her Thisincludes the usualdisc Dn r r DG
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Formulate the main result and discuss it

W



Mainresultl
Mt f Un sup rel see f Ro n.ie Un

Mi Zn Un sup Mt f Un
fePu Zn

For n te INwith tan arbitrary re n E RI and win ERI

where f z f e m G e rn is obviously in PnDn re n

É

fl f

f É ff Ijffffffgf.FI

F
a
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Reductiontointerpolations

Maximization in Ro a reduces to the interpolation ofmonomials

Rt Yat ra 4 zin Ron eÑFÉÉ ffiyIy ÉÉÉf fÉÉÉÉI

Mt CflDn win 1 YÉᵗ'Gn n

and the maximizing initials align thephases of 4 s

I yhrmaiustomaximizeRHSinziintlcresnt.gg

1 I



YEasycasestanlinst liu Gaut.schi 1066

By the lemma at t n we have let we Ya Can

But y can is a very simple polynomial clearly

4 z a Z f z a z Cz Za

Here 41 1 en k z n

where lj_gnjfj
is the h th elementarysymmetric polynomial in 22in

The bound len 21 2n en 12,1 Inl is tight
TThisprctedesthemoiesight.IT



Symmetric functions Scher positivity

Main this proof extensions



qtijhijff.tt nsztonaetgroda.n

Ima folklore

Let C ofdegree n 1 interpolate
a holomorphicg

o on Z n E Dner

Then Vze Dcr in terms of f Z f Z cz Zn wehave

gas gas.fi nff s d

LTrI let max 121 12,1 Izal r Then Ee z at y satisfie

een f
ie Eds

IT



Symmetric alsall
Elementary Cu 21,22 _2n a Σ Zj Zjr Zjh

1451C Cju n

Complete ha 21,2 tn a Σ
141 ju n

251 252 Zja

I e ha includes all monomials en only multilinear ones

É 12,1 ital r then eelzo z yᵗ'czo satisfies

af to htnlz.in af czEhIRema

If2o 0 then we recover ECO a 4
and solve the amp max problem for W.sn 1211,0 01 112T
the unit pulseresponse



Prof
E insists

net3zags
tan

5ᵗʰ 111 É za d Geompregr

Ei rs É5ᵈhalizon d Collect terms

Éhdizo.nl f3t
n d

1dgResiduemFIt e d E d is eitherholomorphic
or has a pole of orders at 0 113



Takingderivativesc

ropositioned Under thepremise of Proposition 1 for KEN

min k t n

z a k Σ 1 Jenadj tin ht ug.cz n
j o

Proofo t u

Σ hd tin zᵗ n df zdao

Leibniz rule É hdcz.su Y it
a d if É

dao

2h É he can aid zt
u d j.tkydo

jzo
EÉo 4 5hdk.nl 1ft andshe exactend 1 told

IT
hop



SymmetricfunctionsBest source Stanley EC 2 book Chap 7

uucfuuctionpinindeterminatesi.O.isformalpower series Twhetermsare
monomials in er such that p 8,2 Y Rotator
forallpermutations 0 IN IN The spaceof such functions is A

TEIAendetheulfsym.free9eetExamples b
ed 21122

go.gg cjZjnZj2 Zjd Pd 21,22 2 29 2

d 21,22
p g

Zj 252 Zjd M
3,1 21,22 22 22 2123 t

ZZZ 2223 2223

pecialization forany homogeneous symmetric function of ofdegree
6

g 21 n z g 21 Zn 0

This allows for simple calculations in the lifted space I



1 me 1
Monomialbasis

Paction nonnegative nonincreasingsequence X X X2

trailing zeroes omitted
Youngdiagram

enffF
I 16,4 2,21

length X 5

size 11126 4 212 1215
for X 15

Wetriconmal indexedby thepartition 1,12

Mex x
to Zolitik where the sum is over

permutations distinct monomial

9 M
3,1 from theprevious

slide

is a linearly basis for Ad IT



Monomialpositivity

Similarly My e Par is a basis for A

ogenism.ve
ini

if g
Σ come with caso de Par

factDiftott positivethenithdsthat
eklmI a

Corollary Assumeof is positive
in some otherbasis and

Ill functions of this basis are m positive Then g is
mpositive

and a remains valid IT

1



Schurfunctions
There is a more tractable basis Schur functions Sy

Tact s positivity m positivity see Kostha numbers

Hookshapediartifions.IT F
69711

a 16 1 a 6

t.am i
tEi

Scale I ha jeatja E.tkhatkt ee te
T



Concludingtheproofofthm.bg
Prop 2

1 44 É e ht igcz.sn enhejlzin

Se mink t 21 n Sct ulna i
1211 Anl

since Sy is m positive
As theresult

Yo win
wake usual tail bald

KEN

Elp wa Sct nin k rain

IT



Thank You



OmmittedProof



Proofofinterpolationlemproof.LT
let 1 tn Then g t f t 8 25

md2
giz giza v1 75 Lagrange form

Barycentricformftp u E Th
It3ffilz.n

9 t
É Elim ftp.t.gsKen 352k

Res F Z Eng Res Fz Za

since Z ti ta are simplepoles Now invoke the residue 1mg



Proofofinterpolationlemmoprof.JO
After transposition the Vandermonde matrix

Cemal 1

Vain evaluates yez Yeah on Zen

Vn tin Yo a
a

417in yoin 1 Vilti.nl iI
On theotherhand vectorization of the recurrence yields
Rt net ites a Aff coin 1 e

Tvn At Uni do a 1 e
companion mtx

a Ro n T Vit AntUnte

Po n
Tyffy

Died In zy.tn


