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Problem setup

Statistical learning problem

Given some loss ` : Y ×R→ R, find a minimizer θ∗ ∈ Rd of expected risk:

θ∗ ∈ Argmin
θ∈Rd

L(θ) := E[`(Y ,X>θ)],

where expectation E[·] is w.r.t. the unknown distribution P of (X ,Y ) ∈ Rd × Y.
Since P is unknown, θ∗ can’t be found; instead, it is estimated from i.i.d. sample:

(X1,Y1), ..., (Xn,Yn) ∼ P (i.i.d.)

• Y only depends (non-linearly) on η = X>θ, a linear combination of inputs.

• Random-design classification, Y = {0, 1}, and regression, Y = R.

• Performance of an estimate θ̂ measured by excess risk L(θ̂)− L(θ∗).
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Goal

• Empirical risk minimization: replace L(θ) with empirical risk:

θ̂n ∈ Argmin
θ∈Rd

{
Ln(θ) :=

1

n

n∑

i=1

`(Yi ,X
>
i θ)

}
.

Also called M-estimation in statistics.

• Special case: conditional quasi maximum likelihood estimator (qMLE):

`(y , η) = − log pη(y)

for some density pη(y) parametrized by η.

“Quasi”: the true distribution P might not belong to this model.

Goal

Extend classical theory of qMLE, holding in the limit n→∞ with fixed d ,
to finite-sample setup.

• Encompass model misspecification and non-likelihood M-estimators.
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Motivation 1: Classical asymptotic theory∗

• Local regularity assumptions: L(θ) sufficiently smooth at θ∗, and

H := ∇2L(θ∗) � 0.

• Gradient covariance G := E[∇θ`(Y ,X>θ∗)∇θ`(Y ,X>θ∗)>], and let

M := H−1/2GH−1/2.

deff := tr(M) is the effective dimension. In well-specified models:

G = H ⇒ M = Id ⇒ deff = d .

• In the limit n→∞, Central Limit Theorem & Taylor Expansion give:

√
nH−1/2(θ̂n − θ∗) N (0,M),

n‖H1/2(θ̂n − θ∗)‖2  N (0,M)2, 2n(L(θ̂n)− L(θ∗)) N (0,M)2.

{
L(θ̂n)− L(θ∗), ‖H−1/2(θn − θ∗)‖2

}
= O

(
deff log(1/δ)

n

)
.

∗[Borovkov, 1998; van der Vaart, 1998; Lehmann and Casella, 2006].
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Motivation 2: Random-design linear regression, I

• Gaussian model Y = N (X>θ, σ2) leads to quadratic loss and risk:

`(Y ,X>θ) = 1
2σ2 (Y − X>θ)2,

L(θ)− L(θ∗) = 1
2‖H1/2(θ − θ∗)‖2,

Ln(θ)− Ln(θ∗) = 1
2‖Hn

1/2(θ − θ∗)‖2 + 〈∇Ln(θ∗), θ − θ∗〉︸ ︷︷ ︸
zero-mean

• In particular, at any θ we have ∇2L(θ) ≡ H and ∇2Ln(θ) ≡ Hn with

H = E[XX>], Hn = 1
n

∑n
i=1 XiX

>
i .

Theorem T: Estimation of a sample covariance matrix [Vershynin, 2010]

Assume H−1/2X is subgaussian, i.e., has tails lighter than N (µ, Id), and

n & d + log(1/δ).

Then, with probability at least 1− δ it holds:

0.5H 4 Hn 4 2H.
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Motivation 2: Random-design linear regression, II

Theorem 0: Finite-sample risk bound for linear regression [Hsu et al., 2012]

Assume that H−1/2X and G−1/2∇`θ(Y ,X>θ∗) are subgaussian, and

n & d + log(1/δ).

Then w.p. at least ≥ 1− δ,

L(θ̂n)− L(θ∗) . ‖H1/2(θ̂n − θ∗)‖2 . ‖H−1/2∇Ln(θ∗)‖2 .
deff log(1/δ)

n
.

Proof sketch:

1. Since ∇Ln(θ̂n) = 0, we have ‖H1/2
n (θ̂n − θ∗)‖2 = ‖H−1/2

n ∇Ln(θ∗)‖2.

2. Combining with Theorem T,

L(θ̂n)− L(θ∗) = 1
2‖H1/2(θ̂n − θ∗)‖2 ≤ 2‖H−1/2∇Ln(θ∗)‖2;

3. Since G−1/2∇Ln(θ∗) is the average of n i.i.d. subgaussian vectors,

‖H−1/2∇Ln(θ∗)‖2 .
deff log(1/δ)

n
. �
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Towards the general case

• Generally, risk is not quadratic, and Hessians are not constant:

∇2L(θ) = H(θ), ∇2Ln(θ) = Hn(θ).

• To extend the previous argument, we must control the precision of local
quadratic approximation of Ln(θ) and L(θ) around θ∗.

• We exploit self-concordance, a concept introduced in [Nesterov and
Nemirovski, 1994] in the theory of interior-point methods, and brought to
the statistical learning context in [Bach, 2010] to study logistic regression.
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Self-concordant losses

We always assume that `(y , η) is convex in the second argument.

Definition. `(y , η) is self-concordant (SC) if ∀(y , η) ∈ Y ×R it holds

|`′′′η (y , η)| ≤ C [`′′η(y , η)]3/2.

• While the above definition is homogeneous in η, the next one is not:

Definition. `(y , η) is pseudo self-concordant (PSC) if instead it holds

|`′′′η (y , η)| ≤ C`′′η(y , η).

• PSC losses are somewhat more common than SC ones.

• However, we will see that obtaining optimal rate for PSC losses requires
somewhat larger sample size.
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Example 1: Generalized linear models

Conditional negative log-likelihood of Y given η = X>θ in the form

`(y , η) = −yη + a(η)− b(y),

where a(η) is called the cumulant, and is given by

a(η) = log

∫

Y
eyη+b(y)dy .

This defines the density pη(y) ∝ eyη+b(y) such that a(η) = Epη [Y ], and

`(s)
η (y , η) = a(s)(η) = Epη [(Y − EpηY )s ], s ≥ 2.

SC/PSC specify a relation between 2nd and 3rd central moments of pη(·)
PSC: Logistic regression and any GLM for classification (Y = {0, 1}) since

|a′′′(η)| ≤ Epη |(Y − Epη [Y ])3| ≤ Epη [(Y − Epη [Y ])2] = a′′(η).

PSC: Poisson regression: Y ∼ Poisson(eη), then a(η) = exp(η).
SC: Exponential-response model: Y ∼ Exp(η), η > 0, a(η) = − log(η).
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Example 2: Robust estimation

Loss `(y , η) = ϕ(y − η) with ϕ(t) convex, even, 1-Lipschitz, and ϕ′′(0) = 1.

• Huber loss

ϕ(t) =

{
t2/2, |t| ≤ 1,

τ t − 1/2, |t| > 1.

ϕ′′(t) discontinuous at ±1.
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Huber loss

log(cosh(y − η))
√

1 + (y − η)2 − 1

Self-concordant

PSC: Pseudo-Huber losses: ϕ(t) = log cosh(t), ϕ(t) =
√

1 + t2 − 1.

SC: Fenchel dual of the log-barrier φ(u) = − log(1− u2)/2 on [−1, 1]:

ϕ(t) =
1

2

[√
1 + 4t2 − 1 + log

(√
1 + 4t2 − 1

2t2

)]
.
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Basic result

Recall that in the general case, we have the Hessian process H(θ), given by

H(θ) := E[`′′(Y ,X>θ)XX>] = E[X̃ (θ)X̃ (θ)>],

where X̃ (θ) := [`′′(Y ,X>θ)]1/2X is the curvature-scaled design.

Theorem 1: Finite-sample excess risk bound for self-concordant losses

Assume that the loss is SC, and G−1/2∇`θ(Y ,X>θ∗) and H(θ∗)
−1/2X̃ (θ∗)

are subgaussian. Whenever

n & d + log(1/δ) ∨ deff d log(1/δ),

with probability 1− δ it holds

L(θ̂n)− L(θ∗) . ‖H1/2(θ̂n − θ∗)‖2 .
deff log(1/δ)

n
. (?)

Distribution conditions are local (only at θ∗);
Large sample complexity – scaling as the product O(deff d).

D. Ostrovskii, F. Bach Finite-sample Analysis of M-estimators using Self-concordance 10 / 17



Analysis: Key observation

Given H(θ) = ∇2L(θ), consider Dikin ellipsoids of L(θ) at θ0:

Θ(θ0, r) := {θ : ‖H(θ0)1/2(θ − θ0)‖2 ≤ r2}.

Key Observation. Suppose that Hn(θ) ≈ Hn(θ∗) w.h.p. for any θ ∈ Θ(θ∗, r).

Then, θ̂n ∈ Argmin Ln(θ) can be localized to Θ(θ∗, r) once

‖H(θ∗)
−1/2∇Ln(θ∗)‖2 . r2,

Proof sketch:

• Indeed, by definition of θ̂n, Ln(θ̂n) ≤ Ln(θ∗). Assume θ̂n /∈ Θn(θ∗, r).

• Pick θ̄n ∈ [θ∗, θ̂n] on the border of Θn(θ∗, r). Still, Ln(θ̄n) ≤ Ln(θ∗).

0 ≥ Ln(θ̄n)− Ln(θ∗) ≈ 〈∇Ln(θ∗), θ̄n − θ∗〉+ ‖Hn(θ∗)
1/2(θ̄n − θ∗)‖2

︸ ︷︷ ︸
≈r2 (by Theorem T)

.

• By Cauchy-Schwarz, we arrive at ‖H(θ∗)
−1/2∇Ln(θ∗)‖2 & r2.

Contradiction! �
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Analysis: Recap

• Once θ̂n has been localized to the neighborhood of θ∗ where Ln(θ) is
quadratic, we can mimick the argument for linear regression.

• Localization is guaranteed once

‖H(θ∗)
−1/2∇Ln(θ∗)‖2 . r2,

which leads to the second threshold for n:

n &
1

r2
deff log(1/δ).

• Now the question is:

What is the radius r of the Dikin ellipsoid in which Hn(θ) ≈ Hn(θ∗)?

- Short answer: we can afford r2 ≈ 1/d using self-concordance.
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Analysis: Self-concordance at play

What is the radius r of the Dikin ellipsoid in which Hn(θ) ≈ Hn(θ∗)?

1. Recall that

Hn(θ) =
1

n

n∑

i=1

`′′(Yi ,X
>
i θ)XiXi .

2. Integrating |`′′′(y , η)| ≤ [`′′(y , η)]
3
2 from η∗ = X>θ∗ to η = X>θ,

1

(1 + [`′′(y , η∗)]
1
2 |η − η∗|)2

≤ `′′(y , η)

`′′(y , η∗)
≤ 1

(1− [`′′(y , η∗)]
1
2 |η − η∗|)2

,

1

(1 + |〈X̃ (θ∗), θ − θ∗〉|)2
≤ `′′(Y ,X>θ)

`′′(Y ,X>θ∗)
≤ 1

(1− |〈X̃ (θ∗), θ − θ∗〉|)2
.

3. The ratio is bounded if |〈X̃ (θ∗), θ − θ∗〉| ≤ c < 1, i.e., by Cauchy-Schwarz,

‖H(θ∗)
−1/2X̃ (θ∗)‖︸ ︷︷ ︸
≈
√
d

· ‖H(θ∗)
1/2(θ − θ∗)‖︸ ︷︷ ︸

r

≤ c ⇒ r &
1√
d
. �
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Improved result

Theorem 2: Improved sample complexity for self-concordant losses

Assume the loss is SC, G−1/2∇`θ(Y ,X>θ∗) is subgaussian, and H(θ)−1/2X̃ (θ)
is subgaussian in the unit Dikin ellipsoid of L(θ) at θ∗:

Θ(θ∗, 1) = {θ : ‖H(θ∗)
1/2(θ − θ∗)‖ ≤ 1}.

Then for (?) it is sufficient that

n & d log(d/δ) ∨ deff log(1/δ),

Main idea:

• Sample complexity n & deff d in Theorem 1 is due to Hessian approximation
in the small Dikin ellipsoid with r = O(1/

√
d) rather than r = O(1).

• We need to prove that Hn(θ) ≈ Hn(θ∗) for θ ∈ Θ(θ∗, 1). To do this, we
combine self-concordance with a covering argument.
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Covering the Dikin ellipsoid

•<latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit>

•<latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit>

•<latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit>

•<latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit>

•<latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit>

•<latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit>

•<latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit> •<latexit sha1_base64="JE3GvEVuANUhCJO+Mlu0vdHEzqU="></latexit><latexit sha1_base64="oZGXlFUByhGD2BZqwffD9/JLlbM="></latexit><latexit sha1_base64="oZGXlFUByhGD2BZqwffD9/JLlbM="></latexit><latexit sha1_base64="n8poysAFmSb1EyKsvPiuqDeeWsg=">AAACK3icbVC7TsMwFHV4lvAKMLJYVEgMqEqQKIxVWRiLRB9SU1WOe9NadZzIdkBVlP9h4VcYYOAhVv4D9zGUlivZOjrnnnvtEyScKe26n9bK6tr6xmZhy97e2d3bdw4OGypOJYU6jXksWwFRwJmAumaaQyuRQKKAQzMY3oz15gNIxWJxr0cJdCLSFyxklGhDdZ2q34PQeCeTskDGjyLPZD/IM7dUvjzHbskrT+/czvz5LuwHKeeg865TdEvupPAy8GagiGZV6zqvfi+maQRCU06UantuojsZkZpRDrntpwoSQoekD20DBYlAdbLJ7hyfGqaHw1iaIzSesPOOjERKjaLAdEZED9SiNib/09qpDq87GRNJqkHQ6aIw5VjHeBwc7jEJVPORAYRKZt6K6YBIQrWJ1zYheItfXgaNi5Jnsrxzi5XqLI4COkYn6Ax56ApV0C2qoTqi6Am9oHf0YT1bb9aX9T1tXbFmniP0p6yfXyEIpvg=</latexit>

•<latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit>

•<latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit>

•<latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit>

•<latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit>

•<latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit>

•<latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit><latexit sha1_base64="XWcYDnWW9PR4DT0yfDO+qP4AA98=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJk9sFMrxCWfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3t0k55d2//4LBydNwySaYFNkWiEt0JuEElY2ySJIWdVCOPAoXtYHw389tPqI1M4keapOhHfBjLUApOVmr3gkwppH6l6tbcOdgq8QpShQKNfuWrN0hEFmFMQnFjup6bkp9zTVIonJZ7mcGUizEfYtfSmEdo/Hx+7pSdW2XAwkTbionN1d8TOY+MmUSB7Yw4jcyyNxP/87oZhTd+LuM0I4zFYlGYKUYJm/3OBlKjIDWxhAst7a1MjLjmgmxCZRuCt/zyKmld1jy35j1cVeu3RRwlOIUzuAAPrqEO99CAJggYwzO8wpuTOi/Ou/OxaF1zipkT+APn8wd4EY+k</latexit>

•<latexit sha1_base64="NBxMvorF0uI5cm6qXLzfrn5RL+s=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AInkoigh6LXjxWsK3QhLLZTtqlmw92J2IJwYt/xYsHRbz6K7z5b9ymOWjrg4HHezM7O89PBFdo299GZWl5ZXWtul7b2Nza3jF39zoqTiWDNotFLO98qkDwCNrIUcBdIoGGvoCuP76a+t17kIrH0S1OEvBCOox4wBlFLfXNAxfhAYt3Ml+kkGeunwoBmPfNut2wC1iLxClJnZRo9c0vdxCzNIQImaBK9Rw7QS+jEjkTkNfcVEFC2ZgOoadpRENQXlaszq1jrQysIJa6IrQK9fdERkOlJqGvO0OKIzXvTcX/vF6KwYWX8ShJESI2WxSkwsLYmuZhDbgEhmKiCWWS679abEQlZahTq+kQnPmTF0nntOHYDefmrN68LOOokkNyRE6IQ85Jk1yTFmkTRh7JM3klb8aT8WK8Gx+z1opRzuyTPzA+fwDmwJhh</latexit><latexit sha1_base64="NBxMvorF0uI5cm6qXLzfrn5RL+s=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AInkoigh6LXjxWsK3QhLLZTtqlmw92J2IJwYt/xYsHRbz6K7z5b9ymOWjrg4HHezM7O89PBFdo299GZWl5ZXWtul7b2Nza3jF39zoqTiWDNotFLO98qkDwCNrIUcBdIoGGvoCuP76a+t17kIrH0S1OEvBCOox4wBlFLfXNAxfhAYt3Ml+kkGeunwoBmPfNut2wC1iLxClJnZRo9c0vdxCzNIQImaBK9Rw7QS+jEjkTkNfcVEFC2ZgOoadpRENQXlaszq1jrQysIJa6IrQK9fdERkOlJqGvO0OKIzXvTcX/vF6KwYWX8ShJESI2WxSkwsLYmuZhDbgEhmKiCWWS679abEQlZahTq+kQnPmTF0nntOHYDefmrN68LOOokkNyRE6IQ85Jk1yTFmkTRh7JM3klb8aT8WK8Gx+z1opRzuyTPzA+fwDmwJhh</latexit><latexit sha1_base64="NBxMvorF0uI5cm6qXLzfrn5RL+s=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AInkoigh6LXjxWsK3QhLLZTtqlmw92J2IJwYt/xYsHRbz6K7z5b9ymOWjrg4HHezM7O89PBFdo299GZWl5ZXWtul7b2Nza3jF39zoqTiWDNotFLO98qkDwCNrIUcBdIoGGvoCuP76a+t17kIrH0S1OEvBCOox4wBlFLfXNAxfhAYt3Ml+kkGeunwoBmPfNut2wC1iLxClJnZRo9c0vdxCzNIQImaBK9Rw7QS+jEjkTkNfcVEFC2ZgOoadpRENQXlaszq1jrQysIJa6IrQK9fdERkOlJqGvO0OKIzXvTcX/vF6KwYWX8ShJESI2WxSkwsLYmuZhDbgEhmKiCWWS679abEQlZahTq+kQnPmTF0nntOHYDefmrN68LOOokkNyRE6IQ85Jk1yTFmkTRh7JM3klb8aT8WK8Gx+z1opRzuyTPzA+fwDmwJhh</latexit><latexit sha1_base64="NBxMvorF0uI5cm6qXLzfrn5RL+s=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AInkoigh6LXjxWsK3QhLLZTtqlmw92J2IJwYt/xYsHRbz6K7z5b9ymOWjrg4HHezM7O89PBFdo299GZWl5ZXWtul7b2Nza3jF39zoqTiWDNotFLO98qkDwCNrIUcBdIoGGvoCuP76a+t17kIrH0S1OEvBCOox4wBlFLfXNAxfhAYt3Ml+kkGeunwoBmPfNut2wC1iLxClJnZRo9c0vdxCzNIQImaBK9Rw7QS+jEjkTkNfcVEFC2ZgOoadpRENQXlaszq1jrQysIJa6IrQK9fdERkOlJqGvO0OKIzXvTcX/vF6KwYWX8ShJESI2WxSkwsLYmuZhDbgEhmKiCWWS679abEQlZahTq+kQnPmTF0nntOHYDefmrN68LOOokkNyRE6IQ85Jk1yTFmkTRh7JM3klb8aT8WK8Gx+z1opRzuyTPzA+fwDmwJhh</latexit>

✓0 2 N"
<latexit sha1_base64="QywVmX585ztVAZ5gLmS2oBxJPWc=">AAACDHicbVDLSgNBEJyN7/iKevQyGERPYVcEPYpePEkEo0I2hN5JxwyZnV1megNhyQd48Ve8eFDEqx/gzb9xssnBV8FAUVXNdFeUKmnJ9z+90szs3PzC4lJ5eWV1bb2ysXltk8wIbIhEJeY2AotKamyQJIW3qUGII4U3Uf9s7N8M0FiZ6CsaptiK4U7LrhRATmpXqiH1kGCPh1LzMAbqCVD5xagdDsBgaqUqUn7NL8D/kmBKqmyKervyEXYSkcWoSSiwthn4KbVyMCSFwlE5zCymIPpwh01HNcRoW3lxzIjvOqXDu4lxTxMv1O8TOcTWDuPIJcfr2t/eWPzPa2bUPW7lUqcZoRaTj7qZ4pTwcTO8Iw0KUkNHQBjpduWiBwYEuf7KroTg98l/yfVBLfBrweVh9eR0Wsci22Y7bJ8F7IidsHNWZw0m2D17ZM/sxXvwnrxX720SLXnTmS32A977F/Hcm48=</latexit><latexit sha1_base64="QywVmX585ztVAZ5gLmS2oBxJPWc=">AAACDHicbVDLSgNBEJyN7/iKevQyGERPYVcEPYpePEkEo0I2hN5JxwyZnV1megNhyQd48Ve8eFDEqx/gzb9xssnBV8FAUVXNdFeUKmnJ9z+90szs3PzC4lJ5eWV1bb2ysXltk8wIbIhEJeY2AotKamyQJIW3qUGII4U3Uf9s7N8M0FiZ6CsaptiK4U7LrhRATmpXqiH1kGCPh1LzMAbqCVD5xagdDsBgaqUqUn7NL8D/kmBKqmyKervyEXYSkcWoSSiwthn4KbVyMCSFwlE5zCymIPpwh01HNcRoW3lxzIjvOqXDu4lxTxMv1O8TOcTWDuPIJcfr2t/eWPzPa2bUPW7lUqcZoRaTj7qZ4pTwcTO8Iw0KUkNHQBjpduWiBwYEuf7KroTg98l/yfVBLfBrweVh9eR0Wsci22Y7bJ8F7IidsHNWZw0m2D17ZM/sxXvwnrxX720SLXnTmS32A977F/Hcm48=</latexit><latexit sha1_base64="QywVmX585ztVAZ5gLmS2oBxJPWc=">AAACDHicbVDLSgNBEJyN7/iKevQyGERPYVcEPYpePEkEo0I2hN5JxwyZnV1megNhyQd48Ve8eFDEqx/gzb9xssnBV8FAUVXNdFeUKmnJ9z+90szs3PzC4lJ5eWV1bb2ysXltk8wIbIhEJeY2AotKamyQJIW3qUGII4U3Uf9s7N8M0FiZ6CsaptiK4U7LrhRATmpXqiH1kGCPh1LzMAbqCVD5xagdDsBgaqUqUn7NL8D/kmBKqmyKervyEXYSkcWoSSiwthn4KbVyMCSFwlE5zCymIPpwh01HNcRoW3lxzIjvOqXDu4lxTxMv1O8TOcTWDuPIJcfr2t/eWPzPa2bUPW7lUqcZoRaTj7qZ4pTwcTO8Iw0KUkNHQBjpduWiBwYEuf7KroTg98l/yfVBLfBrweVh9eR0Wsci22Y7bJ8F7IidsHNWZw0m2D17ZM/sxXvwnrxX720SLXnTmS32A977F/Hcm48=</latexit><latexit sha1_base64="QywVmX585ztVAZ5gLmS2oBxJPWc=">AAACDHicbVDLSgNBEJyN7/iKevQyGERPYVcEPYpePEkEo0I2hN5JxwyZnV1megNhyQd48Ve8eFDEqx/gzb9xssnBV8FAUVXNdFeUKmnJ9z+90szs3PzC4lJ5eWV1bb2ysXltk8wIbIhEJeY2AotKamyQJIW3qUGII4U3Uf9s7N8M0FiZ6CsaptiK4U7LrhRATmpXqiH1kGCPh1LzMAbqCVD5xagdDsBgaqUqUn7NL8D/kmBKqmyKervyEXYSkcWoSSiwthn4KbVyMCSFwlE5zCymIPpwh01HNcRoW3lxzIjvOqXDu4lxTxMv1O8TOcTWDuPIJcfr2t/eWPzPa2bUPW7lUqcZoRaTj7qZ4pTwcTO8Iw0KUkNHQBjpduWiBwYEuf7KroTg98l/yfVBLfBrweVh9eR0Wsci22Y7bJ8F7IidsHNWZw0m2D17ZM/sxXvwnrxX720SLXnTmS32A977F/Hcm48=</latexit>

✓ 2 ⇥c(✓⇤)
<latexit sha1_base64="0AXCeeEJni/ahJyWqX4VUbLLs/Y=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVBclEUGXRTcuK/QGTQmT6aQdOpmEmROhhK7c+CpuXCji1mdw59s4abvQ1h8GPv5zDmfOHySCa3Ccb6uwsrq2vlHcLG1t7+zu2fsHLR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB6Davtx+Y0jyWDRgnrBeRgeQhpwSM5dvHHgwZEOxxib1Gjj6tzDz//My3y07VmQovgzuHMpqr7ttfXj+macQkUEG07rpOAr2MKOBUsEnJSzVLCB2RAesalCRiupdNz5jgU+P0cRgr8yTgqft7IiOR1uMoMJ0RgaFerOXmf7VuCuF1L+MySYFJOlsUpgJDjPNMcJ8rRkGMDRCquPkrpkOiCAWTXMmE4C6evAyti6rrVN37y3LtZh5HER2hE1RBLrpCNXSH6qiJKHpEz+gVvVlP1ov1bn3MWgvWfOYQ/ZH1+QPbs5gS</latexit><latexit sha1_base64="0AXCeeEJni/ahJyWqX4VUbLLs/Y=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVBclEUGXRTcuK/QGTQmT6aQdOpmEmROhhK7c+CpuXCji1mdw59s4abvQ1h8GPv5zDmfOHySCa3Ccb6uwsrq2vlHcLG1t7+zu2fsHLR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB6Davtx+Y0jyWDRgnrBeRgeQhpwSM5dvHHgwZEOxxib1Gjj6tzDz//My3y07VmQovgzuHMpqr7ttfXj+macQkUEG07rpOAr2MKOBUsEnJSzVLCB2RAesalCRiupdNz5jgU+P0cRgr8yTgqft7IiOR1uMoMJ0RgaFerOXmf7VuCuF1L+MySYFJOlsUpgJDjPNMcJ8rRkGMDRCquPkrpkOiCAWTXMmE4C6evAyti6rrVN37y3LtZh5HER2hE1RBLrpCNXSH6qiJKHpEz+gVvVlP1ov1bn3MWgvWfOYQ/ZH1+QPbs5gS</latexit><latexit sha1_base64="0AXCeeEJni/ahJyWqX4VUbLLs/Y=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVBclEUGXRTcuK/QGTQmT6aQdOpmEmROhhK7c+CpuXCji1mdw59s4abvQ1h8GPv5zDmfOHySCa3Ccb6uwsrq2vlHcLG1t7+zu2fsHLR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB6Davtx+Y0jyWDRgnrBeRgeQhpwSM5dvHHgwZEOxxib1Gjj6tzDz//My3y07VmQovgzuHMpqr7ttfXj+macQkUEG07rpOAr2MKOBUsEnJSzVLCB2RAesalCRiupdNz5jgU+P0cRgr8yTgqft7IiOR1uMoMJ0RgaFerOXmf7VuCuF1L+MySYFJOlsUpgJDjPNMcJ8rRkGMDRCquPkrpkOiCAWTXMmE4C6evAyti6rrVN37y3LtZh5HER2hE1RBLrpCNXSH6qiJKHpEz+gVvVlP1ov1bn3MWgvWfOYQ/ZH1+QPbs5gS</latexit><latexit sha1_base64="0AXCeeEJni/ahJyWqX4VUbLLs/Y=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiVBclEUGXRTcuK/QGTQmT6aQdOpmEmROhhK7c+CpuXCji1mdw59s4abvQ1h8GPv5zDmfOHySCa3Ccb6uwsrq2vlHcLG1t7+zu2fsHLR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB6Davtx+Y0jyWDRgnrBeRgeQhpwSM5dvHHgwZEOxxib1Gjj6tzDz//My3y07VmQovgzuHMpqr7ttfXj+macQkUEG07rpOAr2MKOBUsEnJSzVLCB2RAesalCRiupdNz5jgU+P0cRgr8yTgqft7IiOR1uMoMJ0RgaFerOXmf7VuCuF1L+MySYFJOlsUpgJDjPNMcJ8rRkGMDRCquPkrpkOiCAWTXMmE4C6evAyti6rrVN37y3LtZh5HER2hE1RBLrpCNXSH6qiJKHpEz+gVvVlP1ov1bn3MWgvWfOYQ/ZH1+QPbs5gS</latexit>

✓⇤<latexit sha1_base64="NLwadCwAqrj2PuHY7U0krI/qC3A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIsgHkoigh6LXjxWsLXQhrLZTtulm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YSKFIc/7dgorq2vrG8XN0tb2zu5eef+gaeJUc2zwWMa6FTKDUihskCCJrUQji0KJD+HoZuo/PKE2Ilb3NE4wiNhAib7gjKzU6tAQiXXPuuWKV/VmcJeJn5MK5Kh3y1+dXszTCBVxyYxp+15CQcY0CS5xUuqkBhPGR2yAbUsVi9AE2ezeiXtilZ7bj7UtRe5M/T2RsciYcRTazojR0Cx6U/E/r51S/yrIhEpSQsXni/qpdCl2p8+7PaGRkxxbwrgW9laXD5lmnGxEJRuCv/jyMmmeV32v6t9dVGrXeRxFOIJjOAUfLqEGt1CHBnCQ8Ayv8OY8Oi/Ou/Mxby04+cwh/IHz+QPCy4/F</latexit><latexit sha1_base64="NLwadCwAqrj2PuHY7U0krI/qC3A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIsgHkoigh6LXjxWsLXQhrLZTtulm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YSKFIc/7dgorq2vrG8XN0tb2zu5eef+gaeJUc2zwWMa6FTKDUihskCCJrUQji0KJD+HoZuo/PKE2Ilb3NE4wiNhAib7gjKzU6tAQiXXPuuWKV/VmcJeJn5MK5Kh3y1+dXszTCBVxyYxp+15CQcY0CS5xUuqkBhPGR2yAbUsVi9AE2ezeiXtilZ7bj7UtRe5M/T2RsciYcRTazojR0Cx6U/E/r51S/yrIhEpSQsXni/qpdCl2p8+7PaGRkxxbwrgW9laXD5lmnGxEJRuCv/jyMmmeV32v6t9dVGrXeRxFOIJjOAUfLqEGt1CHBnCQ8Ayv8OY8Oi/Ou/Mxby04+cwh/IHz+QPCy4/F</latexit><latexit sha1_base64="NLwadCwAqrj2PuHY7U0krI/qC3A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIsgHkoigh6LXjxWsLXQhrLZTtulm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YSKFIc/7dgorq2vrG8XN0tb2zu5eef+gaeJUc2zwWMa6FTKDUihskCCJrUQji0KJD+HoZuo/PKE2Ilb3NE4wiNhAib7gjKzU6tAQiXXPuuWKV/VmcJeJn5MK5Kh3y1+dXszTCBVxyYxp+15CQcY0CS5xUuqkBhPGR2yAbUsVi9AE2ezeiXtilZ7bj7UtRe5M/T2RsciYcRTazojR0Cx6U/E/r51S/yrIhEpSQsXni/qpdCl2p8+7PaGRkxxbwrgW9laXD5lmnGxEJRuCv/jyMmmeV32v6t9dVGrXeRxFOIJjOAUfLqEGt1CHBnCQ8Ayv8OY8Oi/Ou/Mxby04+cwh/IHz+QPCy4/F</latexit><latexit sha1_base64="NLwadCwAqrj2PuHY7U0krI/qC3A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIsgHkoigh6LXjxWsLXQhrLZTtulm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YSKFIc/7dgorq2vrG8XN0tb2zu5eef+gaeJUc2zwWMa6FTKDUihskCCJrUQji0KJD+HoZuo/PKE2Ilb3NE4wiNhAib7gjKzU6tAQiXXPuuWKV/VmcJeJn5MK5Kh3y1+dXszTCBVxyYxp+15CQcY0CS5xUuqkBhPGR2yAbUsVi9AE2ezeiXtilZ7bj7UtRe5M/T2RsciYcRTazojR0Cx6U/E/r51S/yrIhEpSQsXni/qpdCl2p8+7PaGRkxxbwrgW9laXD5lmnGxEJRuCv/jyMmmeV32v6t9dVGrXeRxFOIJjOAUfLqEGt1CHBnCQ8Ayv8OY8Oi/Ou/Mxby04+cwh/IHz+QPCy4/F</latexit>

1. It is rather easy to prove first that H(θ) is near-constant on Θ(θ∗, 1).

2. By SC, Hn(θ) is near-constant in smaller ellipsoids Θ(θ, 1/
√
d).

3. Now cover Θ(θ∗, 1) by Θ(θ, 1/
√
d) with θ in the epsilon-net Nε, and control

uniform deviations Hn(θ) from H(θ) on Nε. OK since log |Nε| = O(d log d).
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Pseudo self-concordant losses

• Because of the “incorrect” power of `′′ in PSC, we need an extra condition:

E[XX>] ≤ ρE[`′′(Y ,X>θ∗)XX
>].

for some ρ > 0. This condition is standard in logistic regression [Bach, 2010].

• We obtain similar results, but with ρ times worse sample complexity.

• Worst-case bounds on ρ can be exponentially bad [Hazan et al., 2014].
However, this is not the case in practice [Bach, 2010].
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Conclusion and perspectives

We use self-concordance – a concept from optimization – to obtain statistical
results – near-optimal rates in finite-sample regimes in some statistical models.

Perspectives:

• Regularized estimators.

• Iterative algorithms: stochastic approximation, Quasi-Newton, ...

• Other models: covariance matrix estimation with log det loss, ...

Thank you!
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Analysis: Recap (full)

• Once θ̂n is in neighborhood of θ∗ where Ln(θ) is quadratic, we’re done:

Ln(θ̂n)− Ln(θ∗) . ‖Hn(θ∗)
1/2(θ̂n − θ∗)‖2 . ‖H−1/2

n (θ∗)∇Ln(θ∗)‖2;

by Theorem T, as long as n ≥ d + log(1/δ),

‖H−1/2
n (θ∗)∇Ln(θ∗)‖2 ≈ ‖H−1/2(θ∗)∇Ln(θ∗)‖2 .

deff log(1/δ)

n
.

Similarly for L(θ̂n)− L(θ∗).

• Localization is guaranteed once ‖H−1/2
n (θ∗)∇Ln(θ∗)‖2 . r2, which leads to

the second threshold for n:

n &
1

r2
deff log(1/δ).

• Now the question is:

What is the radius r of the Dikin ellipsoid in which Hn(θ) ≈ Hn(θ∗)?
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